Abstract: We give a general method for the derivation of Bäcklund transformations induced by symmetries. We demonstrate this method on two easy examples, the KdV equation and the discrete mKdV equation ∂qn ∂t = (1 + q 2 n )(q n+1 − q n−1 ) with simple point symmetries. In connection with symplectic numerical algorithms we are particularly interested in discrete equations.
Outline of the Method
We consider a nonlinear partial differential equation in the form u t = F (u, u x , u xx , ...) , u = u(x, t) (1.1) or in discrete form ∂u n ∂t = F (u n , u n+i , ...) , n, i ∈ Z.
(1.2)
We assume that this partial differential equation (1.1) is associated with a linear system Φ x = M Φ Φ t = N Φ (1. 3) which means that the compatibility condition Φ xt = Φ tx is equivalent of u being a solution of the partial differential equation (1.1) , where Φ = ϕ 1 ϕ 2 and M, N are 2 × 2 matrices with entries functions of u, u x , ...., and a parameter λ. Similarly, for the discrete case, we assume that the equation (1.2) is associated to a linear system
with the compatibility condition
) (where S is the shift operator SV n = V n+1 ) which becomes ∂Mn ∂t = N n+1 M n − M n N n . More general, we can assume the existence of a compatible nonlinear system associated to the pde (1.1) in the following way. Let k > 0, n ≥ 0 be integers and k smooth functions ϕ 1 , ϕ 2 , · · · , ϕ k (called potential functions) of x and t be given . Let Φ = (ϕ 1 , ϕ 2 , · · · , ϕ k ). Consider the system
where Ω and Θ are two vectors of non-zero smooth functions. The system (1.5) is called an integrable system associated to the pde (1.1) if the compatibility condition Φ xt = Φ tx of the system (1.5) is equivalent to u being a solution to (1.1). (k is the degree and n the order of the system (1.5)). Example 1: The system
is an integrable system of degree 1 and order 2 associated with the KdV equation, [20] . Example 2: The system
is an integrable system of degree 2 and order 2 associated with the KdV equation, [18] .
When k = 1 and Ω and Θ are quadratic in the potential functions, these were called pseudopotentials in [12] , [19] . For this more general case we refer to [17] and [21] where we investigate Bäcklund transformations of higher degree (nonlinear) systems and classify the Bäcklund transformations for the KdV equation using these potential functions.
Here we restrict ourself to the linear (matrix) case, that means the system (1.5) associated to the pde (1.1) can be written in matrix form (1.3).
We derive the Riccati form of the equation by letting q :=
and obtain
Solving the first equation in (1.6) for u we get a Miura transform as u = f (λ, q, q x , ...), and by plugging u into the second equation of (1.6) we obtain the modified partial differential equation (mpde) of (1.1) as
Theorem 1: If the pde (1.1) , or (1.2) has two different linear systems (or two different Riccati equations) but the corresponding modified equations are identical, then we can define a Bäcklund transformation for this pde.
Proof: a) Continuous case: Let
be a second linear system for (1.1). As before we get the Riccati equations for q x and q t , the Miura transform as u = g(λ , q , q x , ...) and the corresponding modified equation q t = L(λ , q , q x , ...). Since by assumption L = K we get another Miura transform u = g(λ, u, u x , ...). Now we can define the Bäcklund transformation by u = g(f −1 (u)). b) discrete case: analogous Remark: In order to define this Bäcklund transformation we must be able to solve the equation u = f (λ, q, q x , ...), which we can in all examples considered, like KdV, sine-Gordon, nonlinear Schrödinger equations etc. including their discrete versions [16] , [17] .
Example: KdV
We illustrate this method on the simplest example, the KdV equation
A first linear system for the KdV equation is [3] 
we get the Riccati equations
2 ) (2.11) Now for the Miura transform we obtain u = q x − 2λ − q 2 which leads to the modified equation
Note that for λ = 0 this is the regular mKdV equation. A second linear system for KdV is given by
This leads to the Riccati equations
For the Miura transform we obtain u = −q x − 2λ − q 2 which leads to the modified equation
Notice that we have the same modified equations (2.12) and (2.16) for both linear systems (2.9 / 2.10) and (2.13 / 2.14). This leads to the Bäcklund transformation u = g(f −1 (u)) where u = f (q) = q x − 2λq − q 2 and u = g(q) = −q x − 2λq − q 2 ; [16] . This Bäcklund transformation is the same as obtained in [3] using different methods. For the discrete equations though we will obtain new Bäcklund transformation .
Symmetries
A second linear system often occurs form symmetries. We have the following theorem [16] :
Theorem 2: If the partial differential equation is invariant under a point transformation T : (x, t) → (x , t ) but the linear system Φ is not invariant under T , then Φ := T (Φ) defines a second linear system for this partial differential equation.
Our example above was constructed from the point symmetry of the KdV equation T (x, t) = (±x, ±t). More complicated symmetries will be investigated in a future paper.
Discrete Equations: mKdV
In this section we apply the same method to discrete equations and illustrate it with the discrete mKdV equation [1] ∂q n ∂t 
where
The Riccati form with u n :=
is given by
Solving (4.19) for q n we obtain the Miura transform as in the continuous case and plugging it into (4.20) we get the modified equation as
We can solve for q n and get the Miura transformation q n = φ(η, u, u n , ...) as
The Miura transform q = φ(u) maps a solution u of the modified equation 
However, the linear system (4.18) is not invariant under this symmetry T .
Hence by Theorem 1, we obtain another linear system for the mKdV equation (4.17) by applying the transformation T to the linear system (4.18) and we get
As before we obtain the Riccati form with v n :=
Solving (4.25) for q n and plugging it into (4.26) we obtain the modified equation :
Note that this second modified equation (4.27 ) is identical with the first modified equation (4.21). So we can define a Bäcklund transformation following our Theorem 1. First we get a Miura transformation ψ from solving (4.25) as
The Miura transform q = ψ(v) maps a solution v of the modified equation (4.27) into a solution q of the original equation (4.17). Now we can define the Bäcklund transformation according to Theorem 1.
Bäcklund transformation for the discrete mKdV equation
Two solutions q and q of the mKdV equation (4.17) are obtained from the same solution u of the modified equation using the different Miura transformations φ :
Therefore, by Theorem 1 we have the Bäcklund transformation
As promised, we can indeed solve the equation and for q n = 0 we can easily solve for u n and get a nontrivial solution.
6 A nontrivial solution to the discrete mKdV equation where c 0 = ln(c) is a constant and η is the parameter. We obtained similar results for the discrete Schrödinger equation, the discrete Sine-Gorden equation and the discrete KdV equation [16] .
In a next paper we will investigate Bäcklund transformations induced by more complicated symmetries as described e.g. in [5] , [7] , [8] , [13] , [14] as well as Bäcklund transformations induced by second linear systems which are not induced by symmetries [9] .
